, that is, a space S, a o'-field E of subsets of S and a countably additive function defined on E and taking values from R n if finite, or infinity d e n o t e d by o0. We assume that 0¢ + a = oo, E~=I a, = 0e if II~gol a,II as n ~ o0. T h e purpose of this note is to describe the range o f such a measure. In the case that/z(S) is finite and the m e a s u r e / z is non-atomic, then a result due to A. A. Liapunov [4] says that the range o f / z is compact and convex. In the case we consider, the range remains convex, as can be easily seen from the Liapunov theorem, but need not be closed. However, we have the following result.
I n t r o d u c t i o n . Consider a vector-valued measure (S, E, /~)
, that is, a space S, a o'-field E of subsets of S and a countably additive function defined on E and taking values from R n if finite, or infinity d e n o t e d by o0. We assume that 0¢ + a = oo, E~=I a, = 0e if II~gol a,II as n ~ o0. T h e purpose of this note is to describe the range o f such a measure. In the case that/z(S) is finite and the m e a s u r e / z is non-atomic, then a result due to A. A. Liapunov [4] says that the range o f / z is compact and convex. In the case we consider, the range remains convex, as can be easily seen from the Liapunov theorem, but need not be closed. However, we have the following result.
T H E O R E M 1. Consider a non-atomic n-vector-valued measure (S, "Z, I~), Then the range P = I.~(~,) of the measure ix has the following properties: (i) P is convex, (ii) the closure fi of P does not contain a line, (iii) each compact extreme face'of P is contained in P.
Let us recall that a subset A of a convex set B is an extreme face of B if for any three points Pl, P2, P3 e B such that Pl = hp~ + (1 -h)P3, where 0 < < 1, we h a v e the implication: if pl ~ A, then P2, Pa e A. Since B itself is an e x t r e m e face o f B, thus in the case/5 is compact, p a r t (iii) o f T h e o r e m 1 implies that P =/5, thus compactness o f the range. Hence T h e o r e m 1 contains as a special case Liapunov's theorem.
A p r o o f of T h e o r e m 1 is given in Section 2 and is p r e c e d e d by a lemma given in Section 1. Let us point out here that a convex closed subset o f R n which does not contain a line does not have empty profile, that is, the set of extreme points is not empty. In particular f r o m (ii) it follows that there exist compact extreme faces of/5. In Section 3 we discuss in more detail some geometrical properties of P implied by (ii) and (iii).
1. Denote by I/x] the total variation of /X. (If E • E, then I/X[(E) = sup :~ II/X(E )II, where the supremum is taken over all decompositions of E into disjoint subsets {El} C E.) The total variation I/X] (E) of E is finite if and only if/X(E) is finite. Denote by E0 the subset of E on which/X is finite. For any twoE, F C I~0 denote by o(E, F) = I/Xl(E AF), whereE AF is the symmetric difference. The function 0 is a metric function on E0 provided the equality E = F is meant modulo I/X I, that is, E =F if and only if I/XI(E A F) = 0. The metric space (l~0, 0) is complete (cf. P. Halmos [2] , p. 169) and the map/X: I~0 ~ R" is continuous. Consider the inverse map/X-~: P C R ~ 2 ~°. In [6] , the author noticed that (in the caseP compact)/x-~(e) is a singleton {E} if and only ife is an extreme point of P. The lemma which follows generalizes this by showing that if e is close to an extreme point, then the diameter of/x-l(e) is small.
LEMMA. Let (S, X,/X) be as in Theorem 1. Let e be an extreme point of P = /X(X). Then for each E > 0 there is a 8 > 0 such that if
Proof There is a basis in R" such that e is the lexicographical maximum of P with respect to this basis (cf. [5] ). Without any loss of generality we may assume this basis to be the nafural basis of R". Thus if (el, • • • , en) are coordinates of e then we have
Since P is convex and closed, the maximum in (1.2) is a continuous function of el, • • • , e,, therefore for each k =< n and any T > 0 there are positive y~k, " " • , Tk-a.k such that the following implication holds:
Suppose /X = (/Xl," " " , /Xn), where the g~ are real-valued countably additive functions defined on X0. For each i = 1, 2, • • • , n, I/Xil(E) is the total variation of pa(E) and is defined in the same way as I/x]. It is easy to check the inequality [/X](E) ~ cXi ]/X~I(E) for each E • ~0 and for some constant c > 0. Thus we will prove the lemma if we show that for each ~ > 0 there exists 8 > 0 such that for any two E~, E2 e X0 the inequalities 
COROLLARY. If e • P is an extreme point of P, then there is an E • ~o such that Iz(E) = e. Thus e • P.
Proof Since e • P, there is a sequence {E~} C ~0 such that/z(E,) ~ e. By the Lemma it follows that this sequence {E~} is a Cauchy sequence in the metric space (~0, p) and since the latter is complete, {Ei} has the limit E • ~0. By the continuity of/z it follows that/z(E) = e, which was to be proved. This clearly will contradict the additivity of the measure/~, since the measure of LI,E, could not be uniquely determined.
By (2.1) it is clear that E, can be chosen. To use an induction argument, assume that Ea, E_~, • • • , E,, E_, are chosen and (2.2) and (2.3) hold for i = +--1, " " " , --+n. Put E = U Ei; obviously E e E0, so that/x(EE) is compact.
Ii1=1
It is also easy to see that P =/X(EE) +/-~(~s\e) and therefore (2.4) P = t~(X~) + g(Xs\~).
From (2.1) and (2.4) it follows that Xa e /X(XsNE) for each real X. Indeed, let us fix X. For each integer k there is anfk e/~(XE) and agk e/X(Xs\E) such thatfk + gk = kXa. But /Z(XE) is compact, so thatfJk ~ 0 as k ---> ~. Hence gJk ---> Xa as k---> ~. Since/~(Xs-,~) is convex and contains 0, gk/k must belong to tZ(XsNe) if gk does and the fact that the latter set is closed gives us the desired conclusion. Therefore we may choose En+x C S~E such that (2.2) and (2.3) are also satisfied for i = n + 1. This completes the proof of (ii).
To prove (iii), suppose that B is a compact extreme face of P. In particular, B is a compact convex subset ofR n and each extreme point orb is an extreme point of/5. Thus the set i) of all extreme points of B, by the Corollary, is contained in P. Since P is convex, the convex hull of 1) is therefore also contained in P. But the convex hull orB is B. Hence B C P and the proof of (iii) is completed. C={ceR"[p+MeP for eachp e P and X --> 0}.
Since P does not contain a line, and is closed and convex, C is therefore a proper closed convex cone. Consider the polar C ° of C; that is, In particular, it follows from the above discussion that (ii) implies the existence of a compact extreme face of P.
With each convex cone C in R" we can associate an order in R" by defining: x -y if and only ify -x • C. IfA C R", a pointa •A is called a mini- T h e latter is impossible because Pl < P, < iP and thus Pl • Q. Thus B is a compact extreme face of P and by (iii) is Contained in P. Hence p, • P, which was to be proved. I f p is a minimal paint of P, then p, = p ; therefore p e P .
We will finish with a few examples. 1 --2r) dr~r(1 --rl f g dr~r(1 --r) ).
I
The r a n g e P in this case is {(x~,x2)] ]xx] <x2 [x2 > 0,x~ = 0 ifx2= 0}. Therefore only (0, 0) belongs to P from the bout dary of P, and P is not closed. The cone C = P in this case, and (0, 0) is ile unique minimal point of P.
Example 2. Let S, X be as above.
/z(E) = (rE sgn(1 --2~r) dr~r(1 ~ ~'), fE dr~r (1 --r) ). Therefore we can conclude in this case that P is closed, since each point of the boundary of P belongs to a B (d) for d e int C °, and so belongs to a compact extreme face of P. Hence it is in 15 and P = ft.
In general we have the following theorem.
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